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Weak factorization systems

® On a category &, pair (L,R) of LR COb&™
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Weak factorization systems

® On a category &, pair (L,R) of LR COb&™
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® Often generated by a set S € Ob &~ of left maps

R = {maps right lifting against all f € S}
® (complemented mono, split epi) in Set generated by {0 > 1}

® (triv cofib, Kan fib) on PSh(A) generated by {A] »> A" | k < n € N}
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Generation by a category

® f right lifts against u : . — & when
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® (complemented mono, split epi) in AbGrp generated by
full subcategory of & containing
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® “uniform fibrations” in, e.g., cubical sets (used in models of HoTT)
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Quillen's small object argument

® Build a wrs from a set S of generators (assuming ...)
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Quillen's small object argument

® Build a wrs from a set S of generators (assuming ...)
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Quillen's small object argument

® Build a wrs from a set S of generators (assuming ...)

LIA7 » [TA"  [TA? = [] A"
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® The left factor is a transfinite composite of
cobase changes of coproducts of generating maps

= X

® Any left map is a retract (in &™) of one of these
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Saturation

Def. A € Ob & is saturated when it is closed under

coproducts, cobase change, transfinite composition, and retracts.

® When (L, R) is generated from S by the SOA,
L is the least saturated class containing S.
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Saturation for categories?

® Garner’s algebraic small object argument (2008)
generates a WFs givenu: f — &

® Builds left factors as transfinite composites

Xo > Xi > Xo > e

... but step maps may not be left maps!
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Saturation for categories?

® Garner’s algebraic small object argument (2008)
generates a WFs givenu: f — &

® Builds left factors as transfinite composites

Xo > Xi > Xo D oooo .
... but step maps may not be left maps!
® : see
Xo Xo Xo Xo
Xo > Xi > X P oo > Xx

as a colimit in the category LeftMap of left-structured maps
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Result

® Left factors are built by colimits of diagrams in LeftMap:

(a) sequential colimits (b) pushouts
o y o y o 5 oo o — o
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(c) colimits of diagrams factoring through #

5 d)] Y 5 LeftMap

® and “vertical” composition o »—— o —— ©
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Wrap-up

® Can parlay idea into universal property of the
double category of left-structured maps

® Under conditions on u: # — &, form of colimits
can be further constrained, cf. Athorne’s coalgebraic
cell complexes (2014)

® Saturation principle for wrs generated by a set is a special case

24.12.17 - Categorical Logic & Higher Categories

07



Thank you!
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