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e
higher type theory:

[Awodey & Warren; Voevodsky]
dependent type theory with a
univalent, proof-relevant internal equality

MO./\.MI Mye A My e A
\_/ Path 4 (My, M1) type
isomorphism = equal types "pathA(MO’Ml) — BM, — BM,"

(axiomatized by homotopy type theory)
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cubical type theory:
coercion

C type [V, z] N e C(r/z) [¥] r,s € $U{0,1}
coe; ¢’ (N) € Cfs/x) [V]

coe; % p(IN) ——  (coe;}*(£st(NV)), coe} 5 (snd(NV)))
coel ¥, g(N) +——  Aa.coel 3 (N(coe ) (a)))

TS 2
Cer.PathA(MQ,Ml)(N) °

POPL 2019 5



cubical type theory:
composition

POPL 2019 6



cubical type theory:
composition

POPL 2019 6



cubical type theory:
composition

POPL 2019 6



cubical type theory:
composition

POPL 2019 6



e
cubical type theory:

composition
(1
T ‘ P
[ ] > @
Qo |Q1

L > ®
hcom% 1 (P;y =0 = 2.Qo,y = 1 — 2.Q1)

POPL 2019 6



e
cubical type theory:

composition
(1
T ‘ P
[ ] > @
Qo |Q1

L > ®
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general case: hcom’,”*(M;r; = r, — x.IN;)
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e
higher inductive types

A :type, R: A X A— type | data quo where
| pt (a: A)
| rel (a,b: A)(u: R{a,b))(z : I)

[t =0 <= pt(a),z =1 pt(d)]
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B semantics:
- Dybjer & Moeneclaey
- Lumsdaine & Shulman: cell monads
B cubical type theory:
- Coquand, Huber, & Mortberg: examples, schema sketch

our contribution:
cubical schema with computational semantics
(including indexed inductive types)
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1. schema

'+ data X where
| intro, (a1 : A1) (am : Ap)
(bl : Bl) s (bk : Bk)

(x1,...,xp: 1)
[7"1:7’1‘—>M1,...,7’j:7’9‘—>1\/[j]
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1. schema

'+ data X where
| intro, (a1 : A1) (am : Ap)
(bl : Bl) s (bk : Bk)

elimination
(:vl, e, Ty ]I) principle
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| intro, ---
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pt(M) val
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>} more complicated in general case
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2. semantics

what are the values of an inductive type?

pt(M) val

A, R} data quo where rel(M,N,T,x) val

| pt (a: A)
| rel (a.b: A)(u: Rla,b))(w: 1) | 7 Tel(M.N,T,0)— pt(M)
[z =0 < pt(a),z =1 = pt(D)] rel(M,N,T,1) — pt(N)
...fhcom- -

can we implement coercion and composition? and elimination?

TS
Coez‘quo

(a,ry(Ehcom™* (M r; = rj < N;))

fheom™*(coe % 4 gy (M);r; = 7} = coel os 4 gy (Ni))

POPL 2019



indexed inductive types

POPL 2019



indexed inductive types

identity type (subject of HoT T axioms)

A: typet data Id(a b: A) where
| refl (a: A): Id(a,a)

POPL 2019



indexed inductive types

identity type (subject of HoT T axioms)

A: typet data Id(a b: A) where
| refl (a: A): Id(a,a)

P e PathA(M(), Ml)

U
coeg_”fj(A)(Mo,P@x)(refl(Mo)) — 7 € Id(A)(Mo, My)

POPL 2019



indexed inductive types

identity type (subject of HoT T axioms)

A: typet data Id(a b: A) where
| refl (a: A): Id(a,a)

P e PathA(Mo, Ml)
J

Coeg.?il(A)(Mo,P@m)(reﬂ(MO)) — “fcoe) (a, pan) (refl(M))”

POPL 2019



indexed inductive types

identity type (subject of HoT T axioms)

A: typet data Id(a b: A) where
| refl (a: A): Id(a,a)

P e PathA(Mo, Ml)
J

Cong;(A)(MO,P@m)(refl(MO)) — “fcoe) (a, pan) (refl(M))”

fcoe;fgf,_)(—) + coel i (—) = coeg’.\,;dSA(M07M1)(_)

POPL 2019



indexed inductive types

identity type (subject of HoT T axioms)

A: typet data Id(a b: A) where
| refl (a: A): Id(a,a)

P e PathA(Mo, Ml)
J

Cong;(A)(MO,P@m)(refl(MO)) — “fcoe) (a, pan) (refl(M))”

fcoe;fgf,_)(—) + coel i (—) = coeg’.\,;dSA(M07M1)(_)

POPL 2019



all in all

B schema for indexed higher inductive types
- torus, higher truncations, localizations, etc.
- identity types

B computational semantics

- PERs on untyped operational semantics
- canonicity theorem

B fragment implemented in redtt proof assistant
github.com/RedPRL/redtt
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