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&2 coercion operation ensures everything respects paths
& univalence: type paths are isomorphisms
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dimension context

Me A [x1,...,Ty]

@ category of dimension contexts could be:

De Morgan cubes
Cohen, Coquand, Huber, & Mértberg 2015

Cartesian cubes
Angiuli, Favonia, & Harper 2018
Angiuli, Brunerie, Coquand, Favonia, Licata, & Harper 2019

jeanionals

Substructural cubes no contraction
Bezem, Coquand, & Huber 2013&2017 (diagonals)
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@ higher inductive types: custom path structure

- combine inductive definitions and quotients
data int where
| neg(n : nat) : int
| pos(n : nat) : int
| seg(x : I) :int [z = 0 — neg(0) | z = 1 < pos(0)]

- define higher-d objects (synthetic homotopy theory)
data circle where
| base : circle
| loop(x : I) : circle [t = 0 — base | z = 1 — base]
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Cubical type theories

@ higher inductive types: custom path structure

@ when combined, require >1-d reasoning
e.g., smash product

- associative? 2-d

(X,Y,Z:U,) = (XAY)AZ = XA (Y AZ)

- is the associator an isomorphism? 3-d

- Mac Lane's pentagon? 4-d
(van Doorn 2018, Brunerie 2018)
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-
Parametricity

&0 Parametric functions are “uniform” in type variables:

Aa.a € X —- X
Aa\b.ae X - Y —- X

0 Compare with “ad-hoc” polymorphic functions:

true, if X = bool
a, otherwise

Aa cX —> X
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Reynolds’ abstraction theorem (1983)

oo Def: A family of (set-theoretic) functions is
parametric when it acts on relations. e.g.,

Fx e X —» X
for all sets A, B and R C A X B,
R(a,b) implies R(Fa(a), Fg(b))

@ Abstraction theorem: the denotation of any term in
simply-typed A-calculus (with x, bool) is parametric.

& Key idea: A-calculus has a relational interpretation.
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Reynolds’ abstraction theorem (1983)

Fx e X — X:

for all sets A, B and R C A X B,
R(a,b) implies R(Fa(a), Fp(b))

U

Fa(a) =a
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Internal parametricity (Bernardy & Moulin 2012)
@ Make relational interp. visible inside type theory

cubical type theory parametric type theory

constructions act on constructions act on
isomorphisms relations

Path,. 4 (Mg, M;) Bridge,, 4 (Mo, M)
equal over iso x. A related by rel z. A

univalence: relativity:
Pathy(A,B) ~ (A~ B) Bridge,(A,B)~AXB—U
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Parametric cubical type theory (C & Harper)

MEA[Qlw"’inwl’”'awn]

/ f

bridge dimensions path dimensions
substructural structural
(arXiv:1901.00489)
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@@ paths: function extensionality

Path, 4o _,5(F,G) ~ (a:A) — Path, g(Fa,Ga)

@@ bridges: relational interpretation
Bridgeg.A—>B (F’ G) =

(a0 : A(0/z)) (a1 : A(l/z))
— Bridge,, 4(ao,a1) — Bridge, g(Fao,Gay)
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Bridges at function type

@@ paths: function extensionality

Path, 4o _,5(F,G) ~ (a:A) — Path, g(Fa,Ga)

@@ bridges: relational interpretation
Bridgeg.A—>B (F’ G) =
(a0 : A(0/z)) (a1 : A(1/z))

— Bridge,, 4(ao,a1) — Bridge, g(Fao,Gay)

(difference invisible for paths because of coercion)
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Examples

(@) Church encodings
bool ~ (X:U)> X > X > X
(2) Higher inductive types
f:(X:U) > ITX 53X
is one of four functions
@ The excluded middle (cf. Booij et al.)
(X uProp) - X4+-X)—> L

@ Bridge-discrete types
if (ap,a1 : A) — Bridge 4 (ao,a1) ~ Path s (ag,a1),
then A~ (X:U) > (A—>X)—> X
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@ Nuyts, Vezzosi, & Devriese 2017
Alternative approach to internal parametricity
Focus: type- versus term-level dependency

@ Shulman & Riehl 2017
Directed type theory

@@ Connection to non-parametric theory
When do theorems translate?
Semantic? Syntactic?

@ Implementation
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